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ON THE APPROXIMATION OF SOLUTIONS TO NONMLINEAR
OPERATORS BETWEEN METRIC SPACES

Ton PAVATLOTU

Abstract. A Gauss.Seidel-type method for the solosion of linear systems, based
ou the decomposition of cthe system marris into four matrices blocks, hss heen prn-
paged by B Varga o [3] The convergencs of this method e studisd in [1] and
2]

In this papar wre shall extend the ideas contained 0 che shove guosad works o the
rasy of nonlinear system equations.
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T the paper [3], B, Vargs peoposes o Qauss-Baidel trpo nmsthaod for solving lineas
systema, which & baged on decompesmg e mateix of the gvsteamn o fur suboalix
Blecks. The convergencs of this mnethed has been in (1] and [2].

We shall rxtrnd thesse iders ta the case of nonlinear syshems.

Let I_I,-I I':|1} o ]-«':"-u tan eomiplete mnrTic spaces, and X = .R'-| i x:, F-X —
Ay 6o X — Mo lwo mappiogs, We are inleresled o gludying the axizlence and
uniqueness of the solotion of the syssem

(1 = I [u, 1]

; o= Gy, (et & X
In this sense, wo shell comsicder che seopernores !'1.'“]n_.i_|:,. i'1.'_.,j_:__._|_-| Eenernted by tha
Giauss-Seidal matlod, 1a.,

oy Lyl = F'[TH“":H]
e gl = O (Snpia ) (g, ) € Xin =0, 1530 .=



et L, ©— X; 4= 1,2 and D Ly s Dy W skl ausitg et Lhand O werily
Lapschita-nype conditions sy 3, &y shite axist &, 0, 52 0 guch et

i o LE ) Fles )] < apy (0,240 + Sy () oy
o PG T v G g b g (1)) | Misy (141, 12 )
ke all [k wmlC D i=12
For the stidy &1 the conviydeliod of P81 R ofisitler fen i ces oF vl i Liers

i dosg M gy with funnadativ sectns, aleving the'Sallowsing aykteni of differenrr
JoEacLies: .

I:-I-.I "F:"' E I'Zrlf,.___] T ":fgrl 1
On ol +E|§||.-—:|. n=1272 __,

wheva oo, B ol are wiven i [al.
W nssoviate to (4] th fllowing sysiem i the ieknnwiis K, #

Py e Fho= bk
3 b o b

[4 wns shown g [1] clat if o, oo b oobey

O L e
(G (1 -] (1 =0} af =0
a = Ob = 0,

then the systam (51 has fwo panl solutions [ %0 4= 1, 2 sish that (1 e R
¢ = L2 mad ono of chise suluticns haz both the Fhiliipanent: positive. Denote by
[Fei. 8) this solulion, 1g, M F 0k Y 0% thl B alements of the' Gequieies

I:-"r"-:l'l-l‘u anqd :g,.,]r_.___ru obey
fo SO TR
L "'-;. r-"'!-rfl':-:? 1. n=1. 2: S5 H

where € = mua {a fy + e, (& fy + berg) Sl
Let g4 = hyky and oy = O he g positive nitber such that \he sas

(7

(8] S E o T A T dif (1 — )},
El‘:e- - !IJ: [ 1‘[‘3‘{-’2 fi! 'l.ll:l,ll o r:::lr'p| lll. [I = PL ::l I‘ -

verify 8, C I i = 1,2,
Denuting o = p, (2, u, 108 = gy (i, v b =120 taking jnto
Aotoune the sbove relarione we obeain Lhe fallowing result 2]
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Theoremy 1 1 ke mappings B god (3 vergfy conditions (3 an the aee 71, 5 = 5y
ot awmbers ce e bowerify S6) and wg = F Lo, 1=||:| . i !:1.:: Jin ) e sweh
thad gy (o, g ) =y, e Dyt = dp oy, thee the Pollmgchy stabonents fold:

a) the sequencss (Un ),y iV, g comterne, and denoting imug = 4, lim g, =
a, then {ic, 8) iz she unigue salution of /1) m the ant § = 8y w Sy,

biodke followdng dneauelitics e frue

dy g
£ T )

}=
g . jg’a"" =11, ...
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I'his theorem s proved asing 1) ard inequadities (4], We shall apply this Thessrenn
toche stody af a Godss-Seidel ome mechod Fosolving woulinear operaler egquations,

Lat (X, o] 5o a complete metels space snd X ™ XX 128 < m— | che
chastazian producls,

fwn & X' 0= {n, 4 m— s}, we define the metric in sueh o space in the
fallowdng v et w = fwr, ], ¢ 7 ogui, 1] asd put
L)Y g i, ] = mase el ool b e e - o8h

1= i L '

Consider the mappings g2 0 X™ = XUk = 1m, the lellowing system of cgne-

Ll

[ T = WP L1 T2y o ®m ) K =1, m

and define the mapping ' 1 X = X™% < X% resp. G50 X° o X8 — X0
the fullowing way, If o= [ig,..., 1] € X% and v = {oy, 0 g 0E X9 e

L R (P L TR PR | O ety e N 7TV S TR (O T TV |

IE T R
{2
G, v) = (9,00 (W0, Wa B0, 02 B ooy B (B B, oo, 2, T B o,y 3

For solving of {127 we consider the following iterations

Ir 1:!1| un—_l = E{u'—': 1-‘11..:|
S Tt C{HT'T I 1':?1-] ! :.-‘i"ll:'--tll.l_.:I EXTHEFTT =10, j BRI
Assuming that che mappings 2, & = 1,m verily. she Lipschitz type eonditions,
e, loexiay o = 0,80 = m sach shae ¥, o ] (30 ) € DHE X ™ i
Lerllormis
mwe

(14} L] T O L S v ST PR T - TRTTRE. | Zﬂ..-ml:ﬂ wl k=T,m,



Densting

mwe (L]
[15] T = max E o 2 = mex E farey
I P S
=== == Li—adl
» n
0= In&x E ki f e :_: gy
LS o St L =t
== i—1 i—ad

then ik cim Be seem shae she mappings Foand 7 obey

£ |._? [ET ) f {._nl 3.']] = By du )+ Eﬂ-_" o)
A, L (G, 14 G l:_:r.:l'_.'_:lJ = T ) e Do)

Wimwl (mwh £ D = IF x D 5,00t is clesr chet if in Theorsm 1 we set X
A XAy = A™7 0 = Miba = P =8 = e = a.b = bten
(iap, ), [ey. ) obey ofig, i) < ody, el < dihy, 8, C D8y © DM

where

Sy e e X e, (row) < i {1 —mil,
5= {.n = XM s lmom] Seily 01— |-||'|] ,

and azguming Lhat the aszumplions of Theorsn: 1 are satisfied, we get the same con
clusions regarding the solutinn of [12].
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